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DUALITY, COHOMOLOGY, AND GEOMETRY
OF LOCALLY COMPACT QUANTUM GROUPS
MEHRDAD KALANTAR AND MATTHIAS NEUFANG
Abstract. In this paper we study various convolution-type algebras associ-
ated with a locally compact quantum group from cohomological and geomet-
rical points of view. The quantum group duality endows the space of trace
class operators over a locally compact quantum group with two products which
are operator versions of convolution and pointwise multiplication, respectively;
we investigate the relation between these two products, and derive a formula
linking them. Furthermore, we define some canonical module structures on
these convolution algebras, and prove that certain topological properties of
a quantum group, can be completely characterized in terms of cohomologi-
cal properties of these modules. We also prove a quantum group version of
a theorem of Hulanicki characterizing group amenability. Finally, we study
the Radon–Nikodym property of the L1-algebra of locally compact quantum
groups. In particular, we obtain a criterion that distinguishes discreteness
from the Radon–Nikodym property in this setting.
1. Introduction
The most fundamental objects in abstract harmonic analysis are algebras of
functions on a locally compact groupG, endowed with the convolution, respectively,
pointwise product, such as the group algebra L1(G) and the Fourier algebra A(G).
Despite being dual to each other in a canonical way, these two products cannot
be compared and linked to one another in an obvious way, because they live on
very different spaces. However, as we shall show in this paper, it is the duality of
locally compact quantum groups G that provides a common ground on which these
two products can be studied simultaneously on one space, namely the trace class
operators T (L2(G)).
Our goal in this paper is to study locally compact quantum groups G from
cohomological and geometrical points of view. The fact that the co-multiplication
of a locally compact quantum group is implemented by its fundamental unitary,
enables one to lift the product of L1(G) to T (L2(G)). Therefore, T (L2(G)) can be
canonically endowed with two products which arise from G and Gˆ; in the classical
case of a locally compact group G, these products are indeed operator versions of
the convolution and the pointwise products.
The paper is organized as follows. The preliminary definitions and results which
are needed, are briefly recalled in section 2. In section 3, we first define the quantum
version of the convolution and pointwise products on the space T (L2(G)) of trace
class operators on the Hilbert space L2(G) of a locally compact quantum group G.
We then study the basic properties of these algebras, and use the duality theory
of locally compact quantum groups to derive a formula linking the two products
associated with G and Gˆ.
In section 4, we consider various module structures associated with convolution
algebras over a locally compact quantum group, and investigate their cohomological
properties. We show that topological properties of a locally compact quantum group
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G are equivalent to cohomological properties of certain convolution algebras over
G. In [18], the second-named author introduced and studied the above-mentioned
convolution product on T (L2(G)) for a locally compact group G. The correspond-
ing results on the equivalence of topological and cohomological properties in this
situation were obtained in [21]. We also establish in this section a quantum group
version of a theorem of Hulanicki stating that a discrete group is amenable if and
only if its left regular representation is an isometry on positive elements of l1(G):
indeed, we show that for any co-amenable locally compact quantum group G, the
latter condition is equivalent to co-amenability of the dual Gˆ, i.e., to G having
Reiter’s property (P2), as introduced and studied in [4].
In the last section, for a locally compact quantum group G, we study a geomet-
ric property of L1(G), namely the Radon–Nikodym property (RNP). While, for a
locally compact group G, the space L1(G) has the RNP if and only if G is discrete,
the dual statement, with L1(G) replaced by the Fourier algebra A(G), is not true
in general. So, the RNP and discreteness are not equivalent for arbitrary locally
compact quantum groups. We characterize the difference between both properties
in this general setting in terms of a covariance condition.
The results in this paper are based on [12], written under the supervision of the
second-named author.
2. Preliminaries
We recall from [15] and [28] that a (von Neumann algebraic) locally compact
quantum group G is a quadruple (L∞(G),Γ, ϕ, ψ), where L∞(G) is a von Neumann
algebra with a co-multiplication
Γ : L∞(G)→ L∞(G)⊗L∞(G),
, and ϕ and ψ are (normal faithful semifinite) left and right Haar weights on L∞(G),
respectively. For each locally compact quantum group G, there exist a left funda-
mental unitary operator W on L2(G, ϕ)⊗L2(G, ϕ) and a right fundamental unitary
operator V on L2(G, ψ)⊗ L2(G, ψ) which satisfy the pentagonal relation
(2.1) W12W13W23 =W23W12 and V12V13V23 = V23V12.
The co-multiplication Γ on L∞(G) can be expressed as
(2.2) Γ(x) =W ∗(1 ⊗ x)W = V (x⊗ 1)V ∗ (x ∈ L∞(G)).
We can identify L2(G, ϕ) and L2(G, ψ) (cf. [15, Proposition 2.11]), and we simply
use L2(G) for this Hilbert space in the rest of this paper.
Let L1(G) be the predual of L∞(G). Then the pre-adjoint of Γ induces on L1(G)
an associative completely contractive multiplication
(2.3) ⋆ : f1 ⊗ f2 ∈ L
1(G)⊗ˆL1(G)→ f1 ⋆ f2 = (f1 ⊗ f2) ◦ Γ ∈ L
1(G).
A locally compact quantum groupG is called co-amenable if L1(G) has a bounded
left (equivalently, right or two-sided) approximate identity (cf. [2, Theorem 3.1]).
The left regular representation λ : L1(G)→ B(L2(G)) is defined by
λ : L1(G) ∋ f 7→ λ(f) = (f ⊗ ι)(W ) ∈ B(L2(G)),
which is an injective and completely contractive algebra homomorphism from L1(G)
into B(L2(G)). Then
L∞(Gˆ) = {λ(f) : f ∈ L1(G)}
′′
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is the von Neumann algebra associated with the dual quantum group Gˆ. Anal-
ogously, we have the right regular representation ρ : L1(G) → B(L2(G)) defined
by
ρ : L1(G) ∋ f 7→ ρ(f) = (ι⊗ f)(V ) ∈ B(L2(G)),
which is also an injective and completely contractive algebra homomorphism from
L1(G) into B(L2(G)). Then
L∞(Gˆ′) = {ρ(f) : f ∈ L1(G)}
′′
is the von Neumann algebra associated with the dual (commutant) quantum group
Gˆ
′. It follows that
W ∈ L∞(G)⊗¯L∞(Gˆ) and V ∈ L∞(Gˆ′)⊗¯L∞(G).
We obtain the corresponding reduced quantum group C∗-subalgebra
C0(G) = {(ι⊗ fˆ)(W ) : fˆ ∈ L1(Gˆ)}
‖·‖
= {fˆ ′ ⊗ ι)(V ) : fˆ ′ ∈ L1(Gˆ′)
‖·‖
of L∞(G) with the co-multiplication
Γ : C0(G)→M(C0(G)⊗ C0(G)),
whereM(C0(G)⊗C0(G)) is the multiplier algebra of the minimal C
∗-algebra tensor
product C0(G)⊗ C0(G).
Let M(G) denote the operator dual C0(G)
∗ of C0(G). The space M(G) is a
completely contractive dual Banach algebra (i.e., the multiplication on M(G) is
separately weak∗ continuous), and M(G) contains L1(G) as a norm closed two-
sided ideal via the embedding
L1(G)→M(G) : f 7→ f|C0(G).
If G is a locally compact group, then C0(Ga) is the C
∗-algebra C0(G) of con-
tinuous functions on G vanishing at infinity, and M(Ga) is the measure algebra
M(G) of G. Correspondingly, C0(Gˆa) is the left group C
∗-algebra C∗λ(G) of G, and
C0(Gˆ
′
a) is the right group C
∗-algebra C∗ρ(G) of G. Hence, we haveM(Gˆa) = Bλ(G)
and M(Gˆ′a) = Bρ(G).
We also briefly recall some standard definitions and notations from the cohomol-
ogy theory of Banach algebras (cf. [9]). Actually, as one might expect, here in the
general setting of locally compact quantum groups, we need to take the quantum
(operator space) structure of the underlying Banach spaces into account as well. So
we work in the category of operator spaces; we shall define our module structures,
and their corresponding objects, in the quantized Banach space category as well.
A completely bounded linear map σ : X → Y from an operator space X into an
operator space Y is called admissible if it has a completely bounded right inverse.
Let A be a Banach algebra and P be a right A-module. P is called projective
if for all A-modules X and Y , any admissible morphism σ : X → Y , and any
morphism ρ : P → Y , there exists a morphism φ : P → X such that σ ◦ φ = ρ.
Denote by X ⊳A the closed linear span of the set
{x ⊳ a : a ∈ A, x ∈ X} ⊆ X.
Then X is called essential if X ⊳A = X .
Many categorical statements which hold in the category of Banach spaces, also
hold in this setting with an obvious slight categorical modification. In particular,
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the following result which is well-known in the classical setting (cf. [8]); we will use
it frequently in our work.
Theorem 2.1. an essential right A-module X is projective if and only if there
exists a morphism ψ : X → X⊗̂A such that m ◦ ψ = ιX , where m : X⊗̂A → X is
the canonical module action morphism, and X⊗̂A is regarded as a right A-module,
via the action (x⊗ a) ⊳ b = x⊗ ab.
The case of left modules and bi-modules are analogous.
3. Convolution and Pointwise Products for Locally Compact
Quantum Groups
In this section we define a quantum analogous of the convolution and pointwise
products for a locally compact quantum group, study the basic properties, and
state a formula linking them.
Let G be a locally compact quantum group, and V ∈ L∞(Gˆ′)⊗L∞(G) its right
fundamental unitary. We can lift the co-products Γ and Γˆ to B(L2(G)), still using
the same notation, as follows:
Γ : B(L2(G))→ B(L2(G))⊗B(L2(G)), x 7→ V (x⊗ 1)V ∗;
Γˆ : B(L2(G))→ B(L2(G))⊗B(L2(G)), x 7→ Vˆ ′(x⊗ 1)Vˆ ′∗.
Then the preadjoint maps
Γ∗, Γˆ∗ : T (L
2(G))⊗̂T (L2(G))→ T (L2(G))
define two different completely contractive products on the space of trace class
operators T (L2(G)). We denote these products by ⋆ and • respectively. We also
denote by T⋆(G) and T•(G) the (quantized) Banach algebras (T (L
2(G)), ⋆) and
(T (L2(G)), •), respectively. If G = L∞(G) for a locally compact group G, then
T⋆(G) is the convolution algebra introduced by Neufang in [18].
Applied to the classical setting, i.e., the commutative and co-commutative cases,
the following lemma justifies why the above products are considered as quantum
versions of convolution and point-wise products.
Proposition 3.1. The canonical quotient map π : T⋆(G) ։ L
1(G) and the trace
map tr : T⋆(G)→ C are Banach algebra homomorphisms.
Proof. First part follows from the fact that Γ(L∞(G)) ⊆ L∞(G)⊗L∞(G), and the
second part is an easy consequence of the identity Γ(1) = 1⊗1. 
The above Proposition allows us to define (right) T⋆(G)-module structures on
L1(G) and C as follows:
f ⊳ ρ = f ⋆ π(ρ) and λ ⊳ ρ = λtr(ρ),
where ρ ∈ T⋆(G), f ∈ L
1(G), and λ ∈ C. We will show later that some of the
topological properties of G can be deduced from these module structures.
But, first we prove some properties of the lifted co-products and their induced
products.
Proposition 3.2. Let x ∈ B(L2(G)). If Γ(x) = y⊗ 1 for some y ∈ B(L2(G)) then
we have x = y ∈ L∞(Gˆ).
DUALITY, COHOMOLOGY, AND GEOMETRY OF QUANTUM GROUPS 5
Proof. We have
(3.1) ((ι⊗ ω)V )x = (ι⊗ ω)(V (x ⊗ 1)) = (ι ⊗ ω)((y ⊗ 1)V ) = y((ι⊗ ω)V )
for all ω ∈ T (L2(G)). Since
L∞(Gˆ′) = {(ι⊗ ω)V : ω ∈ T (L2(G))}
w∗
,
it follows from (3.1) that
aˆ′x = yaˆ′
for all aˆ′ ∈ L∞(Gˆ′). In particular for aˆ′ = 1, it follows that x = y, and since
aˆ′x = xaˆ′ for all aˆ′ ∈ L∞(Gˆ′), we have x ∈ L∞(Gˆ). 
Lemma 3.3. Let x ∈ B(L2(G)). If Γ(x) = 1 ⊗ y, for some y ∈ B(L2(G)), then
x ∈ L∞(Gˆ′) and y ∈ L∞(G).
Proof. Since (1 ⊗ y) = V (x ⊗ 1)V ∗ ∈ B(L2(G))⊗L∞(G), we have y ∈ L∞(G).
Similarly, x⊗ 1 = V ∗(1⊗ y)V ∈ L∞(Gˆ′)⊗L∞(G) implies that x ∈ L∞(Gˆ′). 
Corollary 3.4. Let x ∈ B(L2(G)). If Γ(x) = 1⊗ x, then x ∈ C1.
Proof. If Γ(x) = 1 ⊗ x, the Lemma 3.3 implies that x ∈ L∞(G) ∩ L∞(Gˆ′) which
equals C1. 
Now we investigate the relation between these two products on T (L2(G)), and
find a formula (3.2) linking them.
Proposition 3.5. For ρ, ξ and η in T (L2(G)), the following two relations hold:
ρ ⋆ (ξ • η) = 〈η, 1〉ρ ⋆ ξ;
ρ • (ξ ⋆ η) = 〈η, 1〉ρ • ξ.
Proof. Let x ∈ L∞(G) and xˆ ∈ L∞(Gˆ). Then we have
〈ρ ⋆ (ξ • η), xxˆ〉 = 〈ρ⊗ (ξ • η),Γ(xxˆ)〉
= 〈ρ⊗ ξ ⊗ η, (ι⊗ Γˆ)(Γ(xxˆ))〉
= 〈ρ⊗ ξ ⊗ η, (Γ(x)⊗ 1)(xˆ⊗ 1⊗ 1)〉
= 〈η, 1〉〈ρ⊗ ξ,Γ(x)(xˆ ⊗ 1)〉
= 〈η, 1〉〈ρ ⋆ ξ, xxˆ〉,
which, by weak∗ density of the span of the set {xxˆ : x ∈ L∞(G), xˆ ∈ L∞(Gˆ)}
in B(L2(G)), implies the first formula. The second relation follows along similar
lines. 
Since there are two different multiplications on T (L2(G)) arising from G and Gˆ,
it is tempting to consider the corresponding two actions at the same time by defining
a bi-module structure on T (L2(G)), using these two products. But one can deduce
from the above proposition, that multiplication from the left and right via these
products, is not associative, and so we cannot turn T (L2(G)) into a T⋆(G)−T•(G)
bimodule in this fashion. However, next theorem will provide us with a way of
doing so.
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Theorem 3.6. For ρ, ξ and η in T (L2(G)), the following relation holds:
(3.2) (ρ ⋆ ξ) • η = (ρ • η) ⋆ ξ.
Equivalently denoting by m and mˆ the product maps corresponding to ⋆ and •,
respectively, we have
m ◦ (mˆ⊗ι) = mˆ ◦ (m⊗ι) ◦ (ι⊗σ)
on the triple (operator space) projective tensor product of T (L2(G)) with itself; here
σ is the flip map.
Remark 3.7. This theorem shows that the dual products on quantum groups “anti-
commute”: the minus sign of a usual anti-commutation relation in an algebra (with
respect to a given product) is replaced by the flip map when comparing two different
products.
Proof. Let x ∈ L∞(G) and xˆ ∈ L∞(Gˆ). Then we have:
〈(ρ ⋆ ξ) • η, xxˆ〉 = 〈(ρ ⋆ ξ)⊗ η, Γˆ(xxˆ)〉
= 〈ρ⊗ ξ ⊗ η, (Γ⊗ ι)[(x ⊗ 1)Γˆ(xˆ)]〉
= 〈ρ⊗ ξ ⊗ η, (Γ(x) ⊗ 1)Γˆ(xˆ)13〉
= 〈ρ⊗ η ⊗ ξ,Γ(x)13(Γˆ(xˆ)⊗ 1)〉
= 〈ρ⊗ η ⊗ ξ, (Γˆ⊗ ι)[Γ(x)(xˆ ⊗ 1)]〉
= 〈(ρ • η)⊗ ξ,Γ(xxˆ)〉
= 〈(ρ • η) ⋆ ξ, xxˆ〉.
Hence, theorem follows, again by weak∗ density of the span of the set
{xxˆ : x ∈ L∞(G), xˆ ∈ L∞(Gˆ)} ⊆ B(L2(G)).

Theorem 3.6 has even more significance: the quantum group duality may be
encoded by this relation. In fact, one might be able to start from this relation on
trace class operators on a Hilbert space, with some extra conditions, to arrive to
an equivalent axiomatic definition for locally compact quantum groups. We intend
to address this project in a subsequent paper.
Proposition 3.8. The space T (L2(G)) becomes a T⋆(G)
op − T•(G) bimodule via
the actions
η ⊲ ρ = ρ ⋆ η and ρ ⊳ ξ = ρ • ξ,
where ρ ∈ T (L2(G)), η ∈ T⋆(G) and ξ ∈ T•(G).
Proof. We only need to check the associativity of the left-right action. For this,
using Theorem 3.6, we obtain
(η ⊲ ρ) ⊳ ξ = (ρ ⋆ η) • ξ = (ρ • ξ) ⋆ η = η ⊲ (ρ ⊳ ξ).

The following proposition is known and has been stated in many different places.
Proposition 3.9. Let G be a locally compact quantum group. Then the following
hold:
(1) L1(G) has a left (right) identity if and only if G is discrete.
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(2) L1(G) has a bounded left (right) approximate identity if and only if G is
co-amenable.
In contrast to the last proposition, we have the following.
Proposition 3.10. Let G be a locally compact quantum group. Then the following
hold:
(1) T⋆(G) does not have a left identity, unless G is trivial, and it has a right
identity if and only if G is discrete;
(2) T⋆(G) does not have a left approximate identity, unless G is trivial, and it
has a bounded right approximate identity if and only if G is co-amenable.
Proof. (1): let ω0 ∈ T (L
2(G)) be a non-zero normal functional whose restriction
to L∞(G) is zero. Since we have
Γ(B(L2(G))) ⊆ B(L2(G))⊗L∞(G),
it follows that
〈ρ ⋆ ω0, x〉 = 〈ω0, (ρ⊗ι)Γ(x)〉 = 0,
for all ρ ∈ T (L2(G)) and x ∈ B(L2(G)), which obviously implies that there does
not exist a left identity, unless G is trivial (equal to C).
Now, let G be discrete, e ∈ L1(G) be the unit element, and e˜ ∈ T (L2(G)) be a
norm preserving weak∗-extension of e. Then we have
〈ρ ⋆ e˜, xxˆ〉 = 〈ρ⊗ e˜,Γ(x)(xˆ ⊗ 1)〉
= 〈xˆρ⊗ e˜,Γ(x)〉 = 〈π(xˆρ) ⋆ e, x〉
= 〈π(xˆρ), x〉 = 〈xˆρ, x〉 = 〈ρ, xxˆ〉
for all ρ ∈ T⋆(G), x ∈ L
∞(G) and xˆ ∈ L∞(Gˆ), where π : T (L2(G))։ L1(G) is the
canonical quotient map. Since the span of the set {xxˆ : x ∈ L∞(G), xˆ ∈ L∞(Gˆ)} is
weak∗ dense in B(L2(G)), it follows that e˜ is a right identity for T⋆(L
2(G)).
Conversely, assume that T⋆(G) has a right identity e˜. Then, since by Proposition
3.1, the map π : T⋆(G) → L
1(G) is a surjective homomorphism, π(e˜) is clearly a
right identity for L1(G), whence G is discrete by Proposition 3.9.
(2): Similarly to the first part, one can show that T⋆(G) cannot possess a left
approximate identity, unless it is trivial (equal to C).
Let G be co-amenable. Then, by [2, Theorem 3.1], there exists a net (ξi) of unit
vectors in L2(G) such that
‖V ∗(η⊗ξi)− η⊗ξi‖ → 0
for all unit vectors η ∈ L2(G). Now, for all x ∈ B(L2(G)) and η ∈ L2(G) with
‖x‖ = ‖η‖ = 1 we have
|〈ωη ⋆ ωξi − ωη, x〉| = |〈V (x⊗1)V
∗(η⊗ξi), η⊗ξi〉 − 〈(x⊗1)(η⊗ξi), η⊗ξi〉|
= |〈(x⊗1)(V ∗(η⊗ξi)− η⊗ξi), V
∗(η⊗ξi)〉+
〈(x⊗1)(η⊗ξi), V
∗(η⊗ξi)− η⊗ξi〉|
≤ 2‖V ∗(η⊗ξi)− η⊗ξi‖ → 0.
Since the span of the set {ωη : η ∈ L
2(G)} is norm dense in T (L2(G)), it follows
that (ωξi) is a right bounded approximate identity for T⋆(G).
Conversely, if T⋆(G) has a right bounded approximate identity, then a similar
argument to the proof of part (1) shows that G is co-amenable. 
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Proposition 3.11. A locally compact quantum group G is compact if and only if
there exists a state ϕ˜ ∈ T⋆(G) such that
(3.3) 〈ρ ⋆ ϕ˜, xxˆ〉 = 〈ρ ⋆ ϕ˜, xˆx〉 = 〈ρ, xˆ〉〈ϕ˜, x〉
for all x ∈ L∞(G), xˆ ∈ L∞(Gˆ) and ρ ∈ T⋆(G).
Proof. Suppose that G is compact with normal Haar state ϕ, and ϕ˜ ∈ T⋆(G) is a
norm preserving extension of ϕ. Then ϕ˜ is a state (since ‖ϕ˜‖ = ϕ˜(1) = 1), and we
have
〈ρ ⋆ ϕ˜, xxˆ〉 = 〈ρ⊗ ϕ˜,Γ(x)(xˆ ⊗ 1)〉 = 〈xˆρ⊗ ϕ˜,Γ(x)〉
= 〈π(xˆρ)⊗ π(ϕ˜),Γ(x)〉 = 〈π(xˆρ) ⋆ ϕ, x〉
= 〈π(xˆρ), 1〉〈ϕ, x〉 = 〈xˆρ, 1〉〈ϕ, x〉
= 〈ρ, xˆ〉〈ϕ, x〉 = 〈ρ, xˆ〉〈ϕ˜, x〉.
In a similar way, we can show that 〈ρ ⋆ ϕ˜, xˆx〉 = 〈ρ, xˆ〉〈ϕ˜, x〉.
Conversely, suppose such a state ϕ˜ ∈ T⋆(G) exists. Let ϕ = π(ϕ˜) ∈ L
1(G)+ and
f ∈ L1(G), and let f˜ ∈ T⋆(G) be a weak
∗-extension of f . Then, by putting xˆ = 1
in equation (3.3), we have
〈f ⋆ ϕ, x〉 = 〈f˜ ⋆ ϕ˜, x〉 = 〈f˜ , 1〉〈ϕ˜, x〉 = 〈f, 1〉〈ϕ, x〉
for all x ∈ L∞(G). Hence, ϕ is a left invariant state in L1(G), and so G is compact,
by [2, Proposition 3.1]. 
4. Cohomological Properties of Convolution Algebras
The following result was proved in the more general setting of Hopf-von Neumann
algebras in [1, Theorem 2.3].
Proposition 4.1. C is a projective T⋆(G)-module if and only if G is compact.
In the following, we want to prove a statement similar to Proposition 4.1, for
discreteness of G. But the situation is more subtle in this case. There are some
technical difficulties which arise when one tries to link the quantum group structure
to the quantum Banach space structure. This happens mainly because the latter is
essentially defined based on the Banach space structure of these algebras, and do
not seem to see all aspects of the quantum group structure. These technical issues
appear also in some of the open problems in this theory, and seem to be a major
subtle point (c.f. [3]).
To avoid such difficulties, in the rest of this section, we assume that the mor-
phisms are completely contractive, rather than just completely bounded.
Theorem 4.2. Let G be a locally compact quantum group. Then the following are
equivalent:
(1) there exists a normal conditional expectation E : B(L2(G))→ L∞(G) which
satisfies Γ ◦ E = (E ⊗ E)Γ;
(2) there exists a normal conditional expectation E : B(L2(G))→ L∞(G) which
satisfies Γ ◦ E = (E ⊗ ι)Γ;
(3) there exists a normal conditional expectation E : B(L2(G))→ L∞(G) which
satisfies E(L∞(Gˆ)) ⊆ C1;
(4) G is discrete.
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Proof. (1) ⇔ (2) : This follows from the facts that E = ι on L∞(G), and that
Γ(B(L2(G))) ⊆ B(L2(G))⊗L∞(G).
(1)⇒ (3) : Let xˆ ∈ L∞(Gˆ). We have:
Γ(E(xˆ)) = (E ⊗ E)Γ(xˆ) = (E ⊗ E)(xˆ⊗ 1) = E(xˆ)⊗ 1,
which implies that E(xˆ) ∈ C1.
(3)⇒ (4) : Assumption (3) implies that
E ∈ CB
σ,L∞(Gˆ)
L∞(G) (B(L
2(G))),
and hence it follows by [11, Theorem 4.5] that there exists a right centralizer mˆ ∈
Crcb(L
1(Gˆ)) such that
E = Θˆr(mˆ).
Now, define a complex-valued map fˆ on L∞(Gˆ) such that
E(xˆ) = fˆ(xˆ)1
for all xˆ ∈ L∞(Gˆ). Since E is a unital linear normal positive map, fˆ is a normal
state on L∞(Gˆ), and for every ωˆ ∈ L1(Gˆ) and xˆ ∈ L∞(Gˆ) we have
〈mˆ(ωˆ), xˆ〉 = 〈ωˆ, Θˆr(mˆ)(xˆ)〉 = 〈ωˆ, E(xˆ)〉 = 〈ωˆ, fˆ(xˆ)1〉 = 〈ωˆ, 1〉fˆ(xˆ).
Hence mˆ(ωˆ) = 〈ωˆ, 1〉fˆ . Now, fix ωˆ0 ∈ L
1(Gˆ), then for all ωˆ ∈ L1(Gˆ) we have
ωˆ ⋆ fˆ = ωˆ ⋆ mˆ(ωˆ0) = mˆ(ωˆ ⋆ ωˆ0) = 〈ωˆ ⋆ ωˆ0, 1〉fˆ = 〈ωˆ, 1〉fˆ .
Hence, fˆ is a normal left invariant state on L∞(Gˆ), and therefore Gˆ is compact by
[2, Proposition 3.1], and (4) follows.
(4) ⇒ (2) : Let e be the identity of L1(G), and let e˜ ∈ T (L2(G)) be a norm-
preserving extension of e. Define:
E : B(L2(G))→ L∞(G); x 7→ (e˜⊗ι)Γ(x).
Then E is normal, unital and completely contractive, since both (e˜⊗ι) and Γ are,
which also implies that ‖E‖ = 1. For all x ∈ L∞(G) and f ∈ L1(G) we have
〈f, E(x)〉 = 〈f, (e˜⊗ι)Γ(x)〉 = 〈e˜⊗f, x〉 = 〈f, x〉,
which implies that E2 = E, and E is surjective. Hence, E is a conditional expec-
tation on L∞(G). Now, for all x ∈ B(L2(G)), we have
Γ(E(x)) = Γ((e˜⊗ι)Γ(x)) = (e˜⊗ι⊗ι)((ι⊗Γ)Γ(x))
= (e˜⊗ι⊗ι)((Γ⊗ι)Γ(x)) = (((e˜⊗ι)Γ)⊗ι)Γ(x)
= (E⊗ι)Γ(x).
Hence, Γ ◦ E = (E⊗ι)Γ, and (2) follows. 
Remark 4.3. One can easily modify the above proof to obtain a right version
of Theorem 4.2; then in part (2) we have Γ ◦ E = (ι⊗E)Γ, and in part (3),
E(L∞(Gˆ′)) ⊆ C1.
Corollary 4.4. For a locally compact quantum group G the following are equiva-
lent:
(1) there exists an isometric algebra homomorphism Φ : L1(G) → T⋆(G) such
that π ◦ Φ = ιL1(G);
(2) G is discrete.
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Proof. If G is discrete, then Φ may be taken to be the pre-adjoint of the map E
constructed in the proof of the implication (4)⇒ (2) in Theorem 4.2.
For the converse, note that Φ∗ : B(L2(G))→ L∞(G) is a normal surjective norm-
one projection, i.e., a normal conditional expectation. Moreover, for x ∈ B(L2(G))
and ρ, η ∈ T⋆(G) we have
〈ρ⊗ η,Γ(Φ∗(x))〉 = 〈ρ ⋆ η,Φ∗(x)〉
= 〈Φ(ρ ⋆ η), x〉
= 〈Φ(ρ) ⋆ Φ(η), x〉
= 〈Φ(ρ)⊗ Φ(η),Γ(x)〉
= 〈ρ⊗ η, (Φ∗ ⊗ Φ∗)Γ(x)〉,
which implies Γ ◦ Φ∗ = (Φ∗ ⊗ Φ∗)Γ, and hence the theorem follows from Theorem
4.2. 
As we promised earlier in this section, in the following (Theorem 4.7), we prove
that discreteness of a locally compact quantum groupG, can also be characterized in
terms of projectivity of its convolution algebras. We recall that here the morphisms
are completely contractive maps, and m : L1(G)⊗̂T⋆(G) → L
1(G) denotes the
canonical map associated with the module action.
Lemma 4.5. If Φ : L1(G) → T⋆(G) is such that π ◦ Φ = ιL1(G), then for all
η, ρ ∈ T⋆(G) we have:
η ⋆Φ(π(ρ)) = η ⋆ ρ.
Proof. Recall that Γ(x) ∈ B(L2(G))⊗L∞(G) for all x ∈ B(L2(G)). Therefore, we
clearly obtain that η ⋆ ρ = η ⋆ π(ρ). Hence, we have
η ⋆ Φ(π(ρ)) = η ⋆ π(Φ(π(ρ))) = η ⋆ π(ρ) = η ⋆ ρ.

Lemma 4.6. Assume that Ψ : L1(G)⊗̂T⋆(G) is a T⋆(G)-module morphism which
satisfies m ◦Ψ = ιL1(G). Then for any xˆ ∈ L
∞(G) we have Ψ∗(1⊗xˆ) ∈ C1.
Proof. Let xˆ ∈ L∞(G), then we have
〈f ⋆ π(ρ),Ψ∗(1⊗xˆ)〉 = 〈Ψ(f ⋆ π(ρ)), 1⊗xˆ〉 = 〈Ψ(f ⊳ ρ), 1⊗xˆ〉
= 〈Ψ(f) ⊳ ρ, 1⊗xˆ〉 = 〈Ψ(f) ⋆ ρ, 1⊗xˆ〉
= 〈Ψ(f)⊗ρ, 1⊗Γ(xˆ)〉 = 〈Ψ(f)⊗ρ, 1⊗xˆ⊗1〉
= 〈Ψ(f), 1⊗xˆ〉〈ρ, 1〉 = 〈f,Ψ∗(1⊗xˆ)〉〈ρ, 1〉
for all f ∈ L1(G) and ρ ∈ T⋆(G). Since π : T⋆(G)→ L
1(G) is surjective, we get
〈f⊗g,Γ(Ψ∗(1⊗xˆ))〉 = 〈f ⋆ g,Ψ∗(1⊗xˆ)〉
= 〈f,Ψ∗(1⊗xˆ)〉〈g, 1〉 = 〈f⊗g,Ψ∗(1⊗xˆ)⊗1〉
for all f, g ∈ L1(G). Hence we have
Γ(Ψ∗(1⊗xˆ)) = Ψ∗(1⊗xˆ)⊗1,
which implies that Ψ∗(1⊗xˆ) ∈ C1. 
Theorem 4.7. For a locally compact quantum group G, the following are equiva-
lent:
(1) L1(G) is a projective T⋆(G)-module;
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(2) G is discrete.
Proof. (1) ⇒ (2) : Assume that L1(G) is a projective T⋆(G)-module. So, there
exists a T⋆(G)-module morphism Ψ : L
1(G)→ L1(G)⊗̂T⋆(G) such that
m ◦Ψ = ιL1(G).
Let R be the unitary antipode of G (cf. [14]). Then R(x) = JˆxJˆ for all x ∈ L∞(G),
where Jˆ is the modular conjugate associated with the dual Haar weight ϕˆ. Using
the same formula
x 7→ JˆxJˆ
(
x ∈ B(L2(G))
)
,
we can extend the map R to B(L2(G)). Then it is clear that
R(L∞(Gˆ′)) = L∞(Gˆ).
Denote by χ the flip map a⊗b 7→ b⊗a, and define the map
T : B(L2(G))→ L∞(G), T := Ψ∗ ◦ χ ◦ (R⊗R) ◦ Γ.
We shall prove that the map E := T 2 satisfies the conditions of (the right version
of) part (3) of Theorem 4.2 (see the Remark 4.3).
First note that T is normal and contractive. Moreover, for x ∈ L∞(G), we have
T (x) = Ψ∗ ◦ χ ◦ (R⊗R) ◦ Γ(x) = Ψ∗ ◦ Γ(R(x)) = R(x).
This implies that
T 2|L∞(G) = ι,
and so E2 = E. Hence, E : B(L2(G))→ L∞(G) is a normal conditional expectation
on L∞(G). Now, for all xˆ′ ∈ L∞(Gˆ′) we have
T (xˆ′) = Ψ∗ ◦ χ ◦ (R⊗R) ◦ Γ(xˆ′)
= Ψ∗ ◦ χ ◦ (R⊗R)(xˆ′⊗1)
= Ψ∗ ◦ χ(R(xˆ′)⊗1)
= Ψ∗(1⊗R(xˆ′)).
Hence, E(L∞(Gˆ′)) ⊆ C1, by Lemma 4.6, and so G is discrete by (the right version
of) Theorem 4.2.
(2) ⇒ (1) : Let e ∈ L1(G) be the identity element, and Φ : L1(G) → T⋆(G), as in
Corollary 4.4. Define the map Ψ : L1(G)→ L1(G)⊗̂T⋆(G) by
Ψ(f) = e⊗Φ(f) (f ∈ L1(G)).
Since π ◦Φ = ιL1(G), we have m ◦Ψ = ιL1(G). Moreover, using Lemma 4.5, we have
Ψ(f ⊳ ρ) = e⊗Φ(f ⊳ ρ) = e⊗Φ(f ⋆ π(ρ))
= e⊗
(
Φ(f) ⋆ Φ(π(ρ))
)
= e⊗
(
Φ(f) ⋆ ρ
)
= Ψ(f) ⊳ ρ
for all f ∈ L1(G) and ρ ∈ T⋆(G). Therefore Ψ is a morphism, and so L
1(G) is
projective. 
The next theorem was proved for the case of Kac algebras in [7, Theorem 6.6.1],
but the proof in there is based on the structure theory of discrete Kac algebras. Here
we present a different argument for the general case of locally compact quantum
groups.
Theorem 4.8. If G is both compact and discrete, then G is finite (dimensional).
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Proof. If G is compact, then L1(G) is an ideal in L1(G)∗∗ with the left (equivalently,
right) Arens product, by [24, Theorem 3.8]. But since G is also discrete, L1(G) is
unital, and its unit is obviously also an identity element for the left Arens product of
L1(G)∗∗. Being a unital ideal (via the canonical embedding), L1(G) must be equal
to L1(G)∗∗. So L1(G) is reflexive, hence L∞(G) is, which implies that L∞(G) is
finite-dimensional, by [16, Proposition 1.11.7]. 
Using Theorem 4.8, we can now follow a similar idea as the proof of [21, Theorem
3.7], to prove a quantum version of the latter.
Theorem 4.9. Let G be a co-amenable locally compact quantum group. Then the
following are equivalent:
(1) T⋆(G) is biprojective;
(2) G is finite.
Proof. (1) ⇒ (2) : Since G is co-amenable, Proposition 3.10 implies that T⋆(G)
has a bounded right approximate identity. Since L1(G) and C are both essential
T⋆(G)-modules, they are T⋆(G)-projective by [9, 7.1.60], which implies that G is
both compact and discrete, by Proposition 4.1 and Theorem 4.7. Hence, G is finite
by Theorem 4.8.
(2)⇒ (1) : Consider the short exact sequence
0→ I → T⋆(G)
π
−→ L1(G)→ 0,
where
I := {ρ ∈ T (L2(G)) : ρ|L∞(G) = 0}.
Since G is finite, it is in particular a compact Kac algebra, and so L1(G) is operator
biprojective. Hence, (1) follows from [21, Lemma 4.2]. 
We can also define a right L1(G)-module structure on T (L2(G)), as follows:
(4.1) ρ ⊳ f := (ρ⊗ f) ◦ Γ (ρ ∈ T (L2(G)), f ∈ L1(G)).
Theorem 4.10. For a locally compact quantum group G, the following are equiv-
alent:
(1) there exists an isometric L1(G)-module map Φ : L1(G) → T (L2(G)) such
that π ◦ Φ = ιL1(G);
(2) G is discrete.
Proof. If G is discrete, then the predual of the map E constructed in the proof
of the implication (4) ⇒ (2) in Theorem 4.2, is easily seen to satisfy the desired
conditions.
Conversely, if such a map Φ exists, then it is straightforward to see that the map
E := Φ∗ : B(L2(G))→ L∞(G)
enjoys the properties in part (2) of Theorem 4.2, and so G is discrete. 
In the following, we shall consider another important cohomology-type property
for the convolution algebras associated with a locally compact quantum group G,
namely amenability.
Next theorem is in fact a generalization of a result due to Hulanicki who consid-
ered the case G = L∞(G) for a discrete group G, to the setting of locally compact
quantum groups. This result was proved in the Kac algebra case by Kraus and
Ruan in [13, Theorem 7.6]. But their argument is based essentially on the fact that
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in the Kac algebra setting, the left regular representation is a ∗-homomorphism,
which does not hold anymore in the general setting of locally compact quantum
groups, so it appears that their proof cannot be modified for the latter case. Here
we present a different argument, inspired by the proof of [22, Theorem 2.4].
Theorem 4.11. Let G be a co-amenable locally compact quantum group. Then the
following are equivalent:
(1) the left regular representation λ : L1(G)→ L∞(Gˆ) is isometric on L1(G)+;
(2) Gˆ is co-amenable, i.e., G has Reiter’s property (P2).
Proof. (1)⇒ (2) : We first show that (1) implies that
‖1 + λ(f)‖ = 1 + ‖f‖
for all f ∈ L1(G)
+
. To show this, let (eα) ∈ L
1(G)
+
be a bounded approximate
identity, and g ∈ L1(G)
+
with ‖eα‖ = ‖g‖ = 1 for all α. Then we have
‖f‖+ 1 = f(1) + 1 = f(1)g(1) + eα(1)g(1)
= 〈f ⋆ g + eα ⋆ g, 1〉 = ‖f ⋆ g + eα ⋆ g‖
→ ‖f ⋆ g + g‖ = ‖λ(f ⋆ g) + λ(g)‖
= ‖(λ(f) + 1)λ(g)‖ ≤ ‖λ(f) + 1‖ ‖λ(g)‖
= ‖λ(f) + 1‖ ≤ ‖λ(f)‖+ 1 = ‖f‖+ 1,
which implies our claim. Since G is co-amenable, there exists ε ∈M(G)+1 such that
λ(ε) = 1, by [2, Theorem 3.1]. Let
F0 = {F ∪ {ε} : F ⊆ L
1(G)
+
1 , F is finite}.
Then for each F ∈ F0 we have∥∥∑
f∈F
f
∥∥ = 〈∑
f∈F
f, 1〉 = |F |.
So
∥∥∑
f∈F λ(f)
∥∥ = |F |, and therefore there exists a sequence (ξn) of unit vectors
in L2(G) such that
lim
n
∥∥∑
f∈F
λ(f)ξn
∥∥ = |F |.
Now fix f0 ∈ F , and let F
′ = F\{ε, f0}. Then we have
lim
n
∥∥(λ(f0)ξn + ξn) +
∑
f∈F ′
λ(f)ξn
∥∥ = |F |,
but since ∥∥ ∑
f∈F ′
λ(f)ξn
∥∥ ≤ |F | − 2 ∀n ∈ N,
it follows that limn ‖λ(f0)ξn + ξn‖ = 2, which yields
lim
n
‖λ(f0)ξn − ξn‖2 = 0.
Since both f0 ∈ F and F ∈ F0 were arbitrary, there exists a net (ξi) of unit vectors
in L2(G) such that
‖λ(f)ξi − ξi‖ → 0
for all f ∈ L1(G)
+
1 , and since L
∞(G) is standard on L2(G) we have
‖W (η ⊗ ξi)− η ⊗ ξi‖ → 0
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for all unit vectors η ∈ L2(G). Hence, Gˆ is co-amenable, by [2, Theorem 3.1].
(2) ⇒ (1) : Let χ denote the flip map a⊗b 7→ b⊗a. Since Gˆ is co-amenable and
χ(W ) is an isometry, [2, Theorem 3.1] ensures the existence of a net (ξi) of unit
vectors in L2(G) such that
lim
i
‖W (η ⊗ ξi)− η ⊗ ξi‖2 = 0, ∀η ∈ L
2(G).
Now, let f ∈ L1(G)+. Since L∞(G) is in standard form in B(L2(G)), we have
f = ωζ , for some ζ ∈ L
2(G) with ‖f‖ = ‖ζ‖. Assuming ‖λ(f)‖ ≤ 1, we obtain:
1 ≥ lim
i
|〈λ(f)ξi, ξi〉| = lim
i
|〈(f ⊗ ι)Wξi, ξi〉|
= lim
i
|〈W (ζ ⊗ ξi), ζ ⊗ ξi〉| = lim
i
‖ζ ⊗ ξi‖
2
= ‖ζ‖2 = ‖f‖2.
So, ‖λ(f)‖ ≤ 1 implies ‖f‖ ≤ 1, therefore the conclusion follows.
The equivalence between co-amenability of Gˆ and Reiter’s property (P2) of G is
the statement of [4, Theorem 5.4]. 
Remark 4.12. Note that the assumption of co-amenability of G is not necessary
for the implication (2) ⇒ (1). Also, this condition is not necessary if G is a Kac
algebra, as an easy modification of our argument shows.
5. The Radon–Nikodym Property for L1(G)
In the last part of this paper we shall investigate a geometric property for the
convolution algebra L1(G) of a locally compact quantum group G, namely the
Radon–Nikodym property (in short: RNP).
The following are some well-known results concerning the Radon–Nikodym Prop-
erty of Banach spaces (cf. [5]).
Proposition 5.1.
(1) The RNP is inherited by closed subspaces, and is stable under isomor-
phisms.
(2) If H is a Hilbert space then T (H) has the RNP.
(3) Let G be a locally compact group. Then L1(G) has the RNP if and only if
G is discrete.
Proposition 5.2. Let G be a locally compact quantum group. If there exists f ∈
L1(G)1 such that the map
L1(G) ∋ ω 7→ f ⋆ ω ∈ L1(G)
is isometric, then L1(G) has the RNP.
Proof. Assume that such f ∈ L1(G) exists. Let f˜ ∈ T (L2(G)) be a norm-preserving
weak∗ extension of f . Then the map
L1(G) ∋ ω 7→ f˜ ⊳ ω ∈ T⋆(G)
is an isometric embedding, where the action ⊳ is defined as 4.1. To see this, let
ω ∈ L1(G). Then we have
‖ω‖ = ‖f ⋆ ω‖ = ‖π(f˜ ⊳ ω)‖ ≤ ‖f˜ ⊳ ω‖ ≤ ‖f˜‖ ‖ω‖ = ‖ω‖.
This implies that L1(G) is isomorphic to a subspace of T (L2(G)), hence the claim
follows from parts (1) and (2) of Proposition 5.1. 
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Part (3) of Proposition 5.1, at first glance, suggests that one might have a dual
version of this statement, saying that the Fourier algebra A(G) has the RNP if
and only if G is compact. But in fact, this is not the case. A counter-example is
given by the Fell group (see [25, Remark 4.6]) which is non-compact, but its Fourier
algebra has the RNP.
Analogously to our earlier discussion on cohomological properties of G, one may
need to take the operator space structure of L1(G) into account as well. Indeed,
there is an operator space version of the RNP, due to Pisier (see [23]), which may
be useful in this context.
But, in the following we point out another way of looking at this problem. First,
we give a general result.
Theorem 5.3. Let M ⊆ B(H) be a von Neumann algebra. Then the following are
equivalent:
(1) M∗ has the RNP;
(2) there is a normal conditional expectation from B(H) onto M .
Proof. (1)⇒ (2) : By [25, Theorem 3.5], M is atomic, i.e., M is an l∞-direct sum
of B(Hi)’s for some Hilbert spaces Hi. So M = N
∗∗ where N = ⊕∞K(Hi) is an
ideal in M . Then, we have (2) by [27, Theorem 5].
(2)⇒ (1) : The pre-adjoint map of the conditional expectation defines an isometric
embedding of M∗ into T (H). Then in view of parts (1) and (2) of Proposition 5.1,
we obtain (2). 
Corollary 5.4. Let G be locally compact quantum group. Then the following are
equivalent:
(1) there exists a normal conditional expectation E from B(L2(G)) onto L∞(G);
(2) L1(G) has the RNP.
In Theorem 4.2 we gave a characterization of discreteness of G in terms of exis-
tence of a normal and covariant conditional expectation. By comparing that result
with Corollary 5.4 above, we see that the covariance accounts precisely for the
difference between the RNP and discreteness, for L1-algebras of locally compact
quantum groups.
Next theorem shows that although discreteness and the RNP are not equivalent
in general for L1(G), but with extra conditions on G, that could be the case.
Theorem 5.5. Let G be a compact Kac algebra. Then the following are equivalent:
(1) L1(G) has the RNP;
(2) G is finite.
Proof. (2) ⇒ (1) is obvious. (1) implies, by [25, Theorem 3.5], that L∞(G) is
atomic, i.e., L∞(G) = ⊕∞B(Hi) for some Hilbert spaces Hi. Since G is a compact
Kac algebra, the Haar weight ϕ is a finite faithful trace, hence all Hi’s are finite-
dimensional and the restriction of ϕ to each B(Hi) is its unique trace. Thus,
ϕ =
∑
i tri, and since ϕ is finite, there can be only finitely many summands. So, G
is finite. 
As a special case we obtain the following which can also be deduced from a result
by Lau–U¨lger [17, Theorem 4.3] stating that for an [IN] locally compact group G,
the Fourier algebra A(G) has the RNP if and only if G is compact.
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Corollary 5.6. Let G be a discrete group. Then the following are equivalent:
(1) the Fourier algebra A(G) has the RNP;
(2) G is finite.
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